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 工程數學 Final Exam Dec 17, 2024 

 

ID:________________ Name:________________ 

 

滿分 30分 

(1) Solve this ODE by Cauchy-Euler Equation:  ( 5points) 

4𝑥2𝑦" +  8𝑥𝑦′ +  𝑦 =  0 
 

 

 

 

 

(2) Solve this ODE by Cauchy-Euler Equation:  ( 5points) 

𝑥2𝑦" −  2𝑦 =  6𝑥   
 

 

 

 (3) Inverse Laplace transform: (3 points) 

ℒ−1  {
3𝑠 − 1

𝑠2 − 2𝑠 + 5
}     =  

 

 

 

(4) Solve this ODE by Laplace transform: ( 5points) 

𝑦′ + 4𝑦 =  𝑒−2𝑡  , 𝑦(0) = 1 
 

 

 

(5) Laplace transform of derivative, solve the ODE: ( 5points) 

𝑦′ − 6𝑦 =  0       y(−1) = 4    
 

 

 

(6) Inverse Laplace transform: (2points) 

ℒ−1  {
−5𝑒−5𝑠

(𝑠 + 2)2
+

1

𝑠
}   =  

 
 

 

 

 

 (7) find the Fourier series of the function f: (5 points) 

f(x) =  {
  0      − 𝜋 < 𝑥 < 0
𝑥          0 ≤ 𝑥 < 𝜋

   ,     𝑓(𝑥 + 2𝜋) = 𝑓(𝑥)      
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公式表: 

Auxiliary equation: m2 + am + b = 0     根為: 
−𝑎±√𝑎2−4𝑏
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 √𝑎2 − 4𝑏解有三種可能: 
<1>相異實根: 𝑚1, 𝑚2 

ODE通解為: y = 𝑐1𝑒𝑚1𝑥 + 𝑐2𝑒𝑚2𝑥 

<2>實數重根: 𝑚 

ODE通解為: y = (𝑐1 + 𝑐2𝑥)𝑒𝑚𝑥 

<3>複數根 (共軛虛根): 𝛼 ± 𝜔𝑖 

ODE通解為: y = 𝑒𝛼𝑥(𝐴 cos 𝜔𝑥 + 𝐵 sin 𝜔𝑥) 

 

求 yp:  

Undetermined coefficients method (未定係數法):  

R(x) yp假設型 

k A 

𝑒𝑎𝑥 𝐴𝑒𝑎𝑥 

cos bx 或 sin bx A cos bx +  B sin bx 

𝑥𝑛 𝐴𝑛𝑥𝑛 + 𝐴𝑛−1𝑥𝑛−1 + … + 𝐴1𝑥1 + 𝐴0 

𝑐𝑥𝑛  𝐴𝑛𝑥𝑛 + 𝐴𝑛−1𝑥𝑛−1 + … + 𝐴1𝑥1 + 𝐴0 

𝑥𝑛𝑒𝑛𝑥 𝑒𝑛𝑥(𝐴𝑛𝑥𝑛 + 𝐴𝑛−1𝑥𝑛−1 + … + 𝐴1𝑥1 + 𝐴0) 

𝑐𝑥𝑛𝑒𝑛𝑥 𝑒𝑛𝑥(𝐴𝑛𝑥𝑛 + 𝐴𝑛−1𝑥𝑛−1 + … + 𝐴1𝑥1 + 𝐴0) 

𝑥𝑛 cos 𝑏𝑥 或 𝑥𝑛 sin 𝑏𝑥 (𝐴𝑛𝑥𝑛 + 𝐴𝑛−1𝑥𝑛−1 + … + 𝐴1𝑥1 + 𝐴0) cos 𝑏𝑥 + 

(𝐵𝑛𝑥𝑛 + 𝐵𝑛−1𝑥𝑛−1 + … + 𝐵1𝑥1 + 𝐵0) sin 𝑏𝑥 

註: a, b, c, k, n, A, B 為常數 

 
⚫ Cauchy-Euler equation:  

⚫ 令 t =ln 𝑥 ( 以 t 取代 x,    x = 𝑒𝑡)   

𝑥𝑦′ = 𝐷𝑡𝑦 

𝑥2𝑦" = 𝐷𝑡(𝐷𝑡 − 1)𝑦 

𝑥3𝑦"′ = 𝐷𝑡(𝐷𝑡 − 1)(𝐷𝑡 − 2)𝑦 

 
 

⚫ Laplace Transform  

 

First Shifting Theorem, s-Shifting 

 

 
Laplace Transform of Derivatives  

 

 
 

Laplace Transform of Integral 積分轉換 
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Second Shifting Theorem; Time Shifting 

 

 

 
 

Examples for t-shifting by 1 
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傅立葉級數  (週期 2L) 

       

 

Fourier Cosine Series  (even function, 偶函數)    (週期 2L) 

 
 

Fourier Sine Series (odd function, 奇函數)    (週期 2L) 

 

 
 

 
sin 𝜋 =  0,    sin 2𝜋 =  0,     sin 3𝜋 =  0,  … 

cos 𝜋 =  −1,     cos 2𝜋 =  1,     cos 3𝜋 =  −1,  … 


