TH2EEE Final Exam Dec 17, 2024

1D: Name:

a7y 30 57
(1) Solve this ODE by Cauchy-Euler Equation: ( Spoints)
4x%y" + 8xy' + y = 0

(2) Solve this ODE by Cauchy-Euler Equation: ( Spoints)

x2y" — 2y = 6x

(3) Inverse Laplace transform: (3 points)

£_1{ 3s—1 } _
s2—2s+4+5)

(4) Solve this ODE by Laplace transform: ( Spoints)
y' +4y=e"2, y(0)=1

(5) Laplace transform of derivative, solve the ODE: ( Spoints)

y' -6y =0 y(1)=4

(6) Inverse Laplace transform: (2points)

= —58_55+1 B
(s+2)2 s

(7) find the Fourier series of the function f: (5 points)
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Auxiliary equation:m*+am+b =0 1R /:

va? — 4b fEH —fE A At
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<I>HHEER: my,m,

ODE Hfi# By y = cie™* + c,e™2*

<2>EHEMR:m

ODE iEf# By v = (cq + cpx)e™
<3>EHHR GLHUER): a £ wi
ODE ##fi# Fy: vy = e™ (A cos wx + B sin wx)

K yer
Undetermined coefficients method (R EARHUE):
R(x) yp B
k A
eax Aeax
cos bx =¥, sin bx A cos bx + B sin bx
x" Apx™ + A, x™ 1+ L+ Ajxt + A
cx™ Apx™ + A, x™ 1+ L+ Ajxt + A
x"e™ e (Apx" + Ay x4+ L+ Axt + Ay
cx™e™ e (Apx" + Ay x4+ L+ Axt + Ay
x™cosbx B x"sinbx | (Apx™ + Ay x™ P+ .+ Ayxt + Ag) cosbx +
(Byx™ + Bp,_1x™ ' + ...+ B;x' + By) sin bx

iF:ra, b, ok n, A B EHFEE

® Cauchy-Euler equation:
o %tZInx(U\tE&ﬁx, x = et)
xg’ = Dy
X J’"I: D:(D; — 1)y
x3y"" = De(Dy — 1)(D; — 2)y
® Laplace Transform
@) #(f) 1) (1) First Shifting Theorem, s-Shifting
s Fle“f(n} = F(s — a)
1 1 /s 7 cos wt m _
e f(ty = L™HF(s — a))
2 / 1s? 8 sin wr = fwz Laplace Transform of Derivatives
L") = L) — £0)
3 2 2153 9 cosh at 2 i pe . )
| Ly = s2L(f) — sf(0) — f(0)
4 oty T 10| sinhar P L) = s"Lf) = s"THO) = s TEO) = - = f1700)
P Ta+ 1 o s—a
5 (a positive) T ] eosel 1T || Laplace Transform of Integral &7 iz
o o[ L o YL
6 oot S_]H 12 & sin w! m ;1-[“'“” t!r} = T/‘H). thus J:}HT} dr = 97! TH”}




Second Shifting Theorem; Time Shifting

_ 0 ifr<a
ft) = fr — ault —a) = {

f(t — a) if t > a
L —ault —a)}y = e “F(s)
ft — a)ult — a) = L7 H{e *F(s))

Examples for zshifting by 1

1,_>l u(t—l)He‘Sl
S S
L1
to = t-Dut-De’
2 2 2 -$ 2
t I—>S—3 t-Dut-)re ~

. 1 . _
sint > sint—Du(t-1) e
s?+1 (t=Du(t-1) s?+1

e BELR B (HHY 21) Fourier Cosine Series (even function, {5580 (2587 2L)
) nar nar - nir
f(x) = ag + 2 (r.',, cos T X + b, sin T .\‘) fx) = ag + 2 a,, Ccos T X (f even)
n=1 - - n=1
L [ 2t nmx
@ e % f £6) dx =, J"I'(,\) dx, = J; f( cos — dx, n=12---
2l g
e nx i . . . . .
) E. J_,;’ (x) cos —7= dx n =12 | Fourier Sine Series (odd function, Z7ei80 (557 2L)
L : . nm
(c) b, = IL f_l‘_l't.\') sin ”[—m dx n=12--: E b,, sin T X (f odd)

) 2 f‘f{ ) si nax ]
Dy = — X) sin — dx
" L), X) 8 L dx

sinm= 0, sin2r =0, sin3m= 0, ...
cosmt= —1, cos2m= 1, cos3m= —1, ...




