T F2#4E2 Final Exam Dec 19, 2023

1D: Name:

T 30 71
(1) Using Cauchy-Euler Equation to solve the ODE. (4 Points)
x2y" + 2xy' = 2y =0

(2) Using Laplace transforms to solve the ODE. (4 Points)
y'—6y =0 y(-1)=4

(3)Find L~ 1{F}. (5 Points)

F() 55 — 95
S =
s2 4+ 2s+ 101

(4)Find £71{F}. (2 Points)
1 48

S

(5)Find L£71{F}. (2 Points)

4s
F =
(s) 4s® + 1

(6) Using Laplace transforms to solve the ODE. (3 Points)
y-y=1, y(0)=0

(7) Find L7 {F}. (3 Points)
F(s) = <—

(s+2)2

(8) Find L£~1{F}. (2 Points)
F(s) = =

s2+m?

(9) Find the Fourier series of the function f(x). (5 Points)
fx)=x+n, —-n<x<mn, f(x+2m)=f(x)
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AHER:
Auxiliary equation: m?+am+b=0 1R A:

Va? — &b IF A =FE 1] GE:
<I>HHEER: my, m,

ODE #fi# By y = c,e™* + c,e™2%
<2>EHHER: m

ODE #fi# By = (¢q + c3x)e™
<3>EHHR FLHUER): a £ wi

—at+va?-4b

2

ODE ##fi# Fy: vy = e* (A cos wx + B sin wx)

K yp:
Undetermined coefficients method (R E(AREDE):
R(x) yp (A
k A
edx Aeb*
cos bx Bk sin bx A cos bx + B sin bx
x" Apx™ + A x4+ L+ Axt + Ay
cx™ Apx™ + A x4+ L+ Axt + A
x"e™ e™(Apx™ + Ay 1x" 1+ L+ Axt + Ap)
cx™e™ e™(Apx™ + Ay 1 x" 1+ L+ Axt+ Ap)

x™ cos bx B¢ x™ sin bx

(Apx™ + Ay x™ T+ .+ Ajxt + Ay) cosbx +
(Byx™ + B,_1x™ 1+ ...+ B;x' + By) sin bx

#F:a,b, ¢,k n, A B EEE

® Cauchy-Euler equation:
Lt=lnx (LLt Bt x, x=e?)

xy" = Dy
x*y" = D¢(Dy — 1)y
xgym = D¢(Dy — 1)(D; — 2)y

® Laplace Transform

) () ) () First Shifting Theorem, s-Shifting
s Fle“f(n} = F(s — a)
1 1 /s 7 cos ot m " 1
e f(t) = LTHF(s — )}
2 ‘ 15 8 sin o &Twwz Laplace Transform of Derivatives
: v . -
L(f) = sL() — f(0)
3 2 21/s3 9 cosh at e s e
- N2 r ’
' L") = S2LF) = sF0) = £(0)
m n! i a
4 (=01, T 10 sinh at PO (/‘{fwn) — .\'”(/(f) _ Su—]f(o) _ L f(,,_],(o)
5 z‘f ' Ta+1 0" % cos o _ s—a =
(a positive) e «—a?+a || Laplace Transform of Integral f& 4 #E A
t , l t i _ 1
5 eat - _‘ y 12 & sin ! U_ﬂ)ﬁ (f/{_[}f('r) (/T} = TF(S)' thus f“ f(ndr=¥ I{TF(”}




Second Shifting Theorem; Time Shifting

Examples for #shifting by 1

B 0 ifr <a 1 1
f() = ft — ayult —a) = { I—>— u-Ne” —

ft — a) ifr>a S S
¢ A : —as ! (t—l)u(t—l)l—)e”i
L —ault —a)} = e “F(s) 13 2
ft — aut —a) = L H{e “F(s)) 2 L2
: T t-D’ut-He” =

S S
1
sint sin(f—Du(t—-D e
st +1 (=Dhutt=D s2+1

IR R (A 2L)
fx) = ay + i ((z”, cos nL—W X + b, sin HTW ,\')

n=1

| (L
(a) ap = L f fx) dx
2L J_p

b) *ljf("””” it 12
b an, = L), X) cos I dx n=12,

b = | jl‘ fQ0) si nwx it — 12
(c) On — L), X) sin I ax n=12

Fourier Cosine Series (even function, {5580 (#5872L)

nm ,
fx) = ay + E da, CoS A X (f even)
n=1
| f‘ﬂ ' d 2 f"f( \ nwx / L2
X) dx, a, = — | f(x)cos dx, n=12---
(). ' L Yo L

Fourier Sine Series (odd function, & 580 (78H572L)

fx) = E b,, sin Sl X (f odd)
n=1 L
b — 2 fo( . nax It
D = L), X) sin 7 dx

sint= 0, sin2r =0, sin3mr= 0, ...

cost= —1, cos2m= 1, cos3m= —1, ...




